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Ko et al. \[[@CR3]\] introduced the concept of negative association (NA) for $\documentclass[12pt]{minimal}
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A number of well-known multivariate distributions, such as a multinomial distribution, multivariate hypergeometric distribution, negatively correlated normal distribution and joint distribution of ranks, possess the NA property.

Let *H* be a real separable Hilbert space with the norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert \cdot \Vert $\end{document}$ generated by an inner product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle \cdot,\cdot\rangle $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{e_{j}, j\geq1 \}$\end{document}$ be an orthonormal basis in *H*. Let *X* be an *H*-valued random vector and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle X, e_{j}\rangle $\end{document}$ be denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X^{(j)}$\end{document}$.
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Ko et al. \[[@CR3]\] proved almost sure convergence for *H*-valued NA random vectors and Thanh \[[@CR6]\] proved almost sure convergence for *H*-valued NA random vectors and provided extensions of the results in Ko et al. \[[@CR3]\]. Miao \[[@CR7]\] showed Hajeck-Renyi inequality for NA random vectors in a Hilbert space.

Huan et al. \[[@CR2]\] presented another concept of negative association for *H*-valued random vectors which is more general than the concept of *H*-valued NA random vectors introduced by Ko et al. \[[@CR3]\] as follows.
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Obviously, if a sequence of *H*-valued random vectors is NA, then it is CNA. However, the reverse is not true in general (see Example 1.4 of Huan et al. \[[@CR2]\]).

Recently Huan et al. \[[@CR2]\] showed Baum-Katz type theorems for CNA random vectors in Hilbert spaces and Huan \[[@CR8]\] obtained the complete convergence for *H*-valued CNA random vectors with the *k*th partial sum. Hien and Thanh \[[@CR9]\] investigated the weak laws of large numbers for sums of CNA random vectors in Hilbert spaces.
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Chow \[[@CR10]\] first showed the complete moment convergence for a sequence of i.i.d. random variables by generalizing the result of Baum and Katz \[[@CR11]\].

Since then, many complete moment convergences for various kinds of random variables in $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{R}^{1}$\end{document}$ have been established. For more details, we refer the readers to Liang and Li \[[@CR12]\], Guo and Zhu \[[@CR13]\], Wang and Hu \[[@CR14]\], Wu et al. \[[@CR15]\], Shen et al. \[[@CR16]\], Wu and Jiang \[[@CR17]\], and Ko \[[@CR1]\] among others.
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In this paper we show the complete moment convergence for CNA random vectors in Hilbert spaces. The result extends the complete moment convergence for NA random variables in $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

The key tool for proving our results is the following maximal inequality.

Lemma 2.1 {#FPar1}
---------

(Huan et al. \[[@CR2]\])
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------
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The following result corresponds to Lemma 2.3 of Ko \[[@CR1]\].

Lemma 2.4 {#FPar5}
---------

(Huan et al. \[[@CR2]\])
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The following lemma corresponds to Lemma 2.4 of Ko \[[@CR1]\].

Lemma 2.5 {#FPar6}
---------

*Let* *r* *and* *α* *be positive real numbers such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq r<2$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha r>1$\end{document}$, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly upper bounded by a random vector* *X*, *then* ([2.2](#Equ3){ref-type=""}) *implies* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty}n^{\alpha r-\alpha-2} \int_{n^{\alpha}}^{\infty }P \Biggl(\max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >u \Biggr)\, du< \infty. $$\end{document}$$

Proof {#FPar7}
-----
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The following lemma shows that Lemmas [2.4](#FPar5){ref-type="sec"} and [2.5](#FPar6){ref-type="sec"} still hold under a sequence of identically distributed *H*-valued CNA random vectors with zero means.

Lemma 2.6 {#FPar8}
---------
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                \begin{document}$X_{1}^{(j)}=\langle X_{1}, e_{j}\rangle $\end{document}$, *then* ([2.4](#Equ5){ref-type=""}) *and* ([2.5](#Equ6){ref-type=""}) *hold*.

Proof {#FPar9}
-----

The proofs are similar to those of Lemma [2.4](#FPar5){ref-type="sec"} and Lemma [2.5](#FPar6){ref-type="sec"}, respectively. □

Lemma 2.7 {#FPar10}
---------

(Huan et al. \[[@CR2]\])

*Let* *r* *and* *α* *be positive real numbers such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha r\geq1$\end{document}$, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n \geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly bounded by a random vector* *X* *with* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{j=1}^{\infty}E \bigl( \bigl\vert X^{(j)} \bigr\vert ^{r}I \bigl( \bigl\vert X^{(j)} \bigr\vert \leq1 \bigr) \bigr)< \infty. $$\end{document}$$ *If* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{j=1}^{\infty}\sum _{n=1}^{\infty}n^{\alpha r-2}P \Biggl( \max _{1\leq k\leq n} \Biggl\vert \sum_{l=1}^{k} X_{l}^{(j)} \Biggr\vert >\epsilon n^{\alpha} \Biggr)< \infty \quad {\textit{for every }}\epsilon>0, $$\end{document}$$ *then* ([2.2](#Equ3){ref-type=""}) *holds*.

Proof {#FPar11}
-----

See the proof of Theorem 2.6 in Huan et al. \[[@CR2]\]. □

The following section will show that the complete moment convergence for NA random variables in Ko \[[@CR1]\] can be extended to a Hilbert space.

Main results {#Sec3}
============

The proofs of main results can be obtained by using the methods of the proofs as in the main results of Ko \[[@CR1]\].

Theorem 3.1 {#FPar12}
-----------

*Let* *r* *and* *α* *be positive numbers such that* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha r>1$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly upper bounded by a random vector* *X* *satisfying* ([2.2](#Equ3){ref-type=""}), *then we obtain* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} E \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha} \Biggr)^{+}< \infty, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a^{+}=\max\{a,0\}$\end{document}$.

Proof {#FPar13}
-----

The proof can be obtained by a similar calculation in the proof of Theorem 3.1 of Ko \[[@CR1]\]. From Lemmas [2.4](#FPar5){ref-type="sec"} and [2.5](#FPar6){ref-type="sec"} we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha}E \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha} \Biggr)^{+} \\& \quad = \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{\infty}P \Biggl( \Biggl( \max _{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha} \Biggr)^{+}>u \Biggr)\,du \\& \quad = \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{\infty}P \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha}>u \Biggr)\,du \\& \quad = \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{n^{\alpha}} P \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha}>u \Biggr)\,du \\& \quad \quad{} +\sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{n^{\alpha}}^{\infty }P \Biggl(\max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha}>u \Biggr)\,du \\& \quad \leq \sum_{n=1}^{\infty}n^{\alpha r-2} P \Biggl(\max_{1\leq k\leq n} \Biggl\Vert \sum _{i=1}^{k} X_{i} \Biggr\Vert >\epsilon n^{\alpha} \Biggr) \\& \quad \quad{} +\sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{n^{\alpha}}^{\infty }P \Biggl(\max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >u \Biggr)\,du \\& \quad < \infty. \end{aligned}$$ \end{document}$$ □

Theorem 3.2 {#FPar14}
-----------

*Let* *r* *and* *α* *be positive numbers such that* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly upper bounded by a random vector* *X*, *then* ([3.1](#Equ15){ref-type=""}) *implies* ([2.4](#Equ5){ref-type=""}).

Proof {#FPar15}
-----

It follows from ([3.2](#Equ16){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha}E \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha} \Biggr)^{+} \\& \quad = \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{\infty}P \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon n^{\alpha}>u \Biggr)\,du \\& \quad \geq \sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{\epsilon n ^{\alpha}} P \Biggl(\max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon n^{\alpha}+u \Biggr)\,du \\& \quad \geq \epsilon\sum_{n=1}^{\infty}n^{\alpha r-2} P \Biggl(\max_{1\leq k \leq n} \Biggl\Vert \sum _{i=1}^{k} X_{i} \Biggr\Vert >2\epsilon n^{\alpha} \Biggr). \end{aligned}$$ \end{document}$$ Hence, ([3.3](#Equ17){ref-type=""}) and ([3.1](#Equ15){ref-type=""}) imply ([2.4](#Equ5){ref-type=""}). The proof Theorem [3.2](#FPar14){ref-type="sec"} is complete. □

Theorem 3.3 {#FPar16}
-----------

*Let* *r* *and* *α* *be positive numbers such that* $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha>\frac{1}{2}$\end{document}$. *Let* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly upper bounded by a random vector* *X*, *then* ([2.2](#Equ3){ref-type=""}) *implies* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=1}^{\infty}n^{\alpha r-2}E \Biggl\{ \sup_{k\geq n}k^{-\alpha} \Biggl\Vert \sum _{i=1}^{k} X_{i} \Biggr\Vert -\epsilon \Biggr\} ^{+}< \infty. $$\end{document}$$

Proof {#FPar17}
-----

([3.1](#Equ15){ref-type=""}) provides that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{n=1}^{\infty}n^{\alpha r-2}E \Biggl\{ \sup_{k\geq n}k^{-\alpha} \Biggl\Vert \sum _{i=1}^{k} X_{i} \Biggr\Vert -\epsilon \Biggr\} ^{+} \\& \quad = \sum_{n=1}^{\infty}n^{\alpha r-2} \int_{0}^{\infty}P \Biggl(\sup_{k \geq n} k^{-\alpha} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon+u \Biggr)\,du \\& \quad = \sum_{m=1}^{\infty}\sum _{n=2^{m-1}}^{2^{m}-1}n^{\alpha r-2} \int _{0}^{\infty}P \Biggl(\sup_{k\geq n} k^{-\alpha} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert > \epsilon+u \Biggr)\,du \\& \quad \leq C\sum_{m=1}^{\infty} \int_{0}^{\infty}P \Biggl(\sup_{k\geq2^{m-1}} k ^{-\alpha} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon+u \Biggr)\,du \sum _{n=2^{m-1}} ^{2^{m}-1}n^{\alpha r-2} \\& \quad \leq C\sum_{m=1}^{\infty}2^{m(\alpha r-1)} \int_{0}^{\infty}P \Biggl( \sup_{k\geq2^{m-1}} k^{-\alpha} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon+u \Biggr)\,du \\& \quad \leq C\sum_{m=1}^{\infty}2^{m(\alpha r-1)}\sum _{l=m}^{\infty} \int _{0}^{\infty}P \Biggl(\max_{2^{l-1}\leq k< 2^{l}} k^{-\alpha} \Biggl\Vert \sum_{i=1} ^{k} X_{i} \Biggr\Vert >\epsilon+u \Biggr)\,du \\& \quad = C\sum_{l=1}^{\infty} \int_{0}^{\infty}P \Biggl(\max_{2^{l-1}\leq k\leq2^{l}} k^{-\alpha} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon+u \Biggr)\, du \sum _{m=1}^{l} 2^{m( \alpha r-1)} \\& \quad \leq C\sum_{l=1}^{\infty}2^{l(\alpha r-1)} \int_{0}^{\infty}P \Biggl( \max_{2^{l-1}\leq k\leq2^{l}} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >(\epsilon+u)2^{(l-1) \alpha} \Biggr)\,du \\& \quad \quad \bigl(\text{letting } y=2^{(l-1)\alpha}u \bigr) \\& \quad \leq C\sum_{l=1}^{\infty}2^{l(\alpha r-1-\alpha)} \int_{0}^{\infty }P \Biggl(\max_{1\leq k\leq2^{l}} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon2^{(l-1) \alpha}+y \Biggr)\,dy \\& \quad \leq C\sum_{n=1}^{\infty}n^{\alpha r-2-\alpha} \int_{0}^{\infty}P \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert >\epsilon n^{\alpha}2^{- \alpha}+y \Biggr) \,dy \\& \quad = C\sum_{n=1}^{\infty}n^{\alpha r-2-\alpha}E \Biggl( \max_{1\leq k\leq n} \Biggl\Vert \sum_{i=1}^{k} X_{i} \Biggr\Vert -\epsilon^{\prime} n^{\alpha } \Biggr)^{+}< \infty \quad{ \bigl(\text{by (3.2)} \bigr)}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\epsilon^{\prime}=\epsilon2^{-\alpha}$\end{document}$. Hence the proof ([3.4](#Equ18){ref-type=""}) is completed. □

Corollary 3.4 {#FPar18}
-------------

*Let* *r* *and* *α* *be positive real numbers such that* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly upper bounded by a random vector* *X*, *then* ([2.2](#Equ3){ref-type=""}) *implies* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sum_{n=1}^{\infty}n^{\alpha r-2}P \Biggl(\sup _{k\geq n}k^{-\alpha} \Biggl\Vert \sum _{i=1}^{k} X_{i} \Biggr\Vert >\epsilon \Biggr)< \infty \quad{\textit{for all }} \epsilon>0. $$\end{document}$$

Proof {#FPar19}
-----

Inspired by the proof of Theorem 12.1 of Gut \[[@CR19]\], we can prove it and omit the proof. □

The following theorem shows that complete convergence and complete moment convergence still hold under a sequence of identically distributed *H*-valued CNA random vectors with zero means.

Theorem 3.5 {#FPar20}
-----------

*Let* *r* *and* *α* *be positive real numbers such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$1\leq r<2$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha r> 1$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *are identically distributed random vectors with* ([2.2′](#Equ12){ref-type=""}) *in Lemma * [2.6](#FPar8){ref-type="sec"}. *Then* ([3.1](#Equ15){ref-type=""}), ([3.4](#Equ18){ref-type=""}) *and* ([3.5](#Equ19){ref-type=""}) *hold*.

Proof {#FPar21}
-----

The proofs are similar to those of Theorem [3.1](#FPar12){ref-type="sec"}, Theorem [3.3](#FPar16){ref-type="sec"} and Corollary [3.4](#FPar18){ref-type="sec"}, respectively. □

Theorem 3.6 {#FPar22}
-----------

*Let* *r* *and* *α* *be positive real numbers such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$\alpha r \geq1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *be a sequence of* *H*-*valued CNA random vectors with zero means*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{X_{n}, n\geq1\}$\end{document}$ *is coordinatewise weakly bounded by a random vector* *X* *satisfying* ([2.11](#Equ13){ref-type=""}) *and* ([2.12](#Equ14){ref-type=""}), *then* ([3.1](#Equ15){ref-type=""}) *holds*.

Proof {#FPar23}
-----

By Lemma [2.7](#FPar10){ref-type="sec"} and Theorem [3.1](#FPar12){ref-type="sec"} the result follows. □

Conclusions {#Sec4}
===========

In Section [3](#Sec3){ref-type="sec"} we have obtained the complete moment convergence for a sequence of mean zero *H*-valued CNA random vectors which is coordinatewise weakly upper bonded by a random variable and the related results.Theorem [3.1](#FPar12){ref-type="sec"} generalizes the complete convergence for a sequence of mean zero *H*-valued CNA random vectors in Huan et al. \[[@CR2]\] to the complete moment convergence.
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